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Sequences and Their Limits

A sequence in a set S is a function whose domain is the set N of natural numbers, and whose
range is contained in the set S, In thas chapter, we will be concerned with sequences in B
and will discuss what we mean by the convergence of these sequences.

Definition A sequence of real numbers (or a sequence in ) is a function defined
ontheset N = { 1,2, ...} of natural numbers whose range is comained in the set R of real
numbers.

In other words, a sequence in R assigns to cach natural number n = 1, 2 . . . a

uniquely determined real number. If X @ N — R is a sequence, we will usually denote the
value of X at o by the symbol x,, rather than using the function notation X (). The values x,,
are also called the terms or the elements of the sequence. We will denote this sequence by
the notations

X, (xa), (xo:n& N).

Of course, we will often use other letters, suchas Y = (yi ), Z = (z,). and s0 on, to denote
SCQUENCEes.

seems evident. For example, we may define the sequence of reciprocals of the even
numbers by writing

1111
x..g 5'3'6'—8"..‘)'

though a more satisfactory method is to specify the formula for the general term and write

X = (i:neN)

or more simply X = (1/2n),

Introduction to Infinite Series

In elementary texts, an infinite series is sometimes “defined” to be “an expression of
the form™

(n Xt Xz Xy,

However, this ““definition™ lacks clarity, since there is @ priori no particular value that we
can attach to this array of symbols, which calls for an mfimire number of additions to be
perf ormed.

Definition If X ;= (x,) is a sequence in R, then the infinite series (or simply the

series) generated by X is the sequence S = (s,) defined by

Xy

5 +X2 (=Xx;+x32)

31 =
2

Sy T X, (=X + X2 4+ Xg)

]

Sk
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The numbers x,, are called the terms of the series and the numbers s, are called the partial
sums of this series. If lim S exists, we say that this series is convergent and call this limit
the sum or the value of this series. If this limit does not exist, we say that the series S is
divergent.

It is convenient to use symbols such as
a0

— bo— -

2_‘(.\-,,) or 2 Xy Or 2 Xn

P~

to denote both the infinite series § generated by the sequence X = (x,) and also to denote
the value lim S, in case this limit exists.

Examples Consider the sequence X := ("), where r € R, which generates
the geometric series:

2
Yl =ldrer bk g,

w0
We will show that if |r| < I, then this series converges to 1/(1 —r).

Indeed, if s, == 1 4 r 477" 4+ + 7 forn > 0, and if we multiply s,
by r and subtract the result from s,, we obtain (after some simplification):

Sol)l =7) =1 =4,

Therefore, we have

from which it follows that lc | |. A

Since [rf""" 0 when [r] < 1, #t follows that the geometric series converges to 1/(1 = )
when Ir| < 1.
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INFINITE SERIES:

Definition: Let ju_| be a sequence of real numbers.

e 11V TR TR RO, | — | be a sequence of real numbers.

Then. the expression u, +u, +......... +U,+ ... [Le. the sum of the terms of the

sequence. which are mfinite m number’ s called an infinite scrics and 1s denoted by

iu. or more briefly, by > u_ .

n™ Term: The term u, in an infinite series is called the n™ term of the series.

Finite series:
If the mumber of terms in the sernes i1s lmuted, then the series is called a finire

series.

Infinite series:
If the aumber of terms in the sertes 1s mfinite, then the senes 1s called an infinite

series.,
n™ Partial sum:

The sum of the first n terms of the series is called its mth partial sum of 3 u, and

is denoted by S_.

€. S, —u, +u, +.. +u,.
Clearly. S, 1s a function of n and as n increases indefimitely. then the followmg three
CAasCs ansc:

() IfS, tendsto a finite imit as n —»»© => Zu. Is convergent.

() ITS, tendsto+o o1 —» as n—>w = D u_ is divergent.

(i) If S, does not tends to a umique lmut asn > > = z u, 1s escillatory or non-

convergent.
Remark: Any senies which diverge or oscillate are said to be noa-convergent senies,
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Q.No.1.: Examine the behavior of the series: 1 + X + —I; : SrieRes: - . £ e
2 2= 401 A0
SoI'G'velse'es'sl+—'-+-—l—+ - . +-—l-+
.z Given series i e a1 T om T
atis a G.P.whose first term s 1and
Here S, =14 — 4 —— 4 ...... +n® term o
= 2 2 commonmtiois /2. ~S, = E—(—i—g
—r
: n |
1~ 3
2 { 1
—>Sn'— l__l —’Sn_-ll":J
>
Taking limir on both sides. we get
. . | 1
Lims, = Lim2{ 1- 0 |=20-0)=2.
=> The given serwes converzes to 2.
Q.No.2.: Examune the behavior of the senes: 1+2+3+....... L% | o e o,
Sol.: Given senes 1s1+2+3+ +0+. o .
nin+1)
Here S, =1+2+3+......... Rl Mt

Taking limit on both sides, we get

LunS, = LimM > o

0> N>

=> The given series i1s divergence.

Comparison Test:

Statement: Let > u,and > v, be two positive ferm series. such that from and after

= - u ’ - - e —
some particular term, Lim—2 = k (a non-zero, finite quantity), then 2 u, and Z ®a
i
1~

either both converge or both diverge. or in other words, both the series behave alike .

Remark: To select auxiliary series (or Harmonic series) Z Vg, = 2 LP . it should be
n

noted that p = difference in degree of n m denommator and numerator of u,.

3. p-series Test:

(Behaviour of Auxiliary Series or Harmonic Series)

Statement: Show that the senes LP + L + -l— R S R L S R = L

2P 3P n? n?
(i) converges if p> 1 and

(i) diverges if p=1.
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Q.No.1. Discuss the behaviour of the scrics

a2

n+3
- ;
a1 —N+1

n+3 1
Sol.: Here uy, - ——— . Take v, —
3 u 2
n’—n-+1 n
3
u 1+
S L2 = Lan —l“—l =1 (a fimte, pon-2e10 munber) .
n—.i\'n ﬂ-o)’l_ ¥ 3
n oo

Thus, by companson test. both the senes Zu, and Z Vv, converges or diverges

together. or in other words, both the senes behave alike

But X v, = Z-l— = Z-}‘; (lere p =2 > 1) is convergenl. [y peseries test]
n- n

Hence Y u, is also convergent.

Q.No.2.: Discuss the behaviour of the senies Z

1
n-l\/u*l+\/; :
Sol.: Here u_ = A Take v, = i
T = \Iu+l+3n' o 7;

- Lim e = Lim —e— =

0 e \"" 0w

(a finite. non-zero number).

|-

f=—<+1
n

Thus. by comparison test, both the series Zun and Z v, converges or diverges together,

or m other words . both the senies behave alike.
But Zvu = Z :

“I‘ 3
Hence D u, is also divergent.

D’Alembert’s Ratio Test:

Statement: If Zu,, be a positive term series s.t. from and after some particular term,

= Z ;l‘—, (here p= 1.2 < 1) 1s divergem [by p-sernies test)

. u
Lim—2+L =k then > u,
T

(1) convergesif k <1 and
(i) diverges if k > 1.
Thus test fails when limit does not exist or equal to 1.
.

Here

measures the rate or growth of the terms of the series.

Note: This test was developed by Jean Le-Rond D'Alembert (1717=1783) a French Mathematician.
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Remark: Ratio test fails when k = 1. So when k = 1, in that case comparison test is
helpful in determining the behaviour of the series.
Counter example:

For the convergent series, Z-l- © Lim2sl _yim - - =1
o nex === {l+n)

Also for the divergent series, Zl :© LimYesd o Lim—2 =
g sew g, s (l4n)

Thus ratio test cannot be used to distnguish beiween convergent and divergent senes

whenk = |
!
Q.No.1.: Discuss the behaviour of infinite series Z—n‘; 4
n
! + 1!
Sol.: Here u, = — and so u,,, = MT )
n® (n+ 1)=D
] n

-~ Lim Uy = Lim (n+ 1! n

n—x U, n—son (Il + l)(nol) n'

n
= Lim = Lim

=1 1. [since e=2.71828..]

7

Hence > u, is convergent (by D’ Alembert’s Ratio Test).

1
n

: . : - 7 el
Q.No.2.: Discuss the behaviour of infinite sernies 1 + — =+ e B i -
P v

Sol.: Here u, = % and so Uy = e n ) i

n! (n + 1)!

» ' WP
s LimEek o p g O B e 1+l] — = QP O=0< 1.
a2 Uy a—= (n+1)! nP a—-=l n'/ (mn+1)

Hence > u, is convergent (by D" Alembert’s Ratio Test).

o .3 .4
Q.No.3.: Discuss the behaviour of infinite senes T = W + A o (x> 0).
12 34 56 78
x® xual

Sol.: Here u, = and so u,,, =

(2n —1K2n)
N
[2- @

+l\[ >

2+~
nm o n

Uney _

Lim

n—o:v:[’

oo Laim

n-sx W,

X =X.

)
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Case 1: 1he gnven serics 1s convergent if x < 1.

Case 2: The given series is divergent if x > 1.

Case 3: Whenx=1. u, = : . Take v, = l’
(2n - D(2Zn) n-
u i 1 1 <
S Lo — Lunm—n——— — — (a finite non-zero number) .

n—« \'“ n—bt'( - l ]_,
1

Thus. by comparison test. both the series > ujsand > v, converges or diverges

together. or in other words. both the series behave alike.

But > v, = Z;l:- = Z;’—p— (here p = 2 > 1) is convergent. [by p-series test]

Hence > u,, is also convergent whenx = 1 .

Hence the given series converges if x < land diverges if x > 1.
RAABE’S TEST™*:

Statement: If > u, be a positive term series s.t. from and after some particular

term, Lun: o . ]=k or Lilnu{l— Y-l ]:L,
- u,

0y “.Ol n—s

then 3 u, (1) converges if k =1 and
(ii) diverges if k < 1.

Remarks: (i) Raabe's test fails when k =1
(if) This test is very useful when D'Alembert’s ratio test fails.

4.7.10_....(3n+ l)\,.
1.

Q.No.1.: Discuss the behaviour of mfinite series >

,
Sol.: Here 2. = 4.7 CGut an o 1.2 . .n(n+1) 1 _(a+)) l
Yo b I n 4730+ 1D(3n+4) x-" (3n +4) x

= Limy—8- = -I—.Heucc. by D" Alembert’s ratio test
neew U,y 3X

Zu, (1) converges if 5 S > land (1) diverges if 23 <.
3x 3x

ie. D u, (1) convergesif x < -1-:md (11) diverges if x > -l{

- -
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But this test fails if x = -;— . Now if Lim —2_ does not involve e, then we can apply Raabe’s
e ‘l-.‘

Now let us iry the Raabe’s test. When x = % . then

-1
—‘-’L:[lollni} =[|+l]:1-io |6,.-....]=I—L¢-i,- ......
Wy n 3n n 3n 9p° 3n 9p°

ST [ Y sl 5 . S O
n-orutll.,‘ n—= 3 9n 3

=> By Raabe's test, the given sertes diverges when x =

l"'-

Heuce the given senes Zu, (1) convergesif x < -;-aud (u) diverges if x = -i».

Q.No.2.: Discuss the behaviour of infinite series

1435, 36 2 369 .5 36912 _, -
e AT %% 7.10.13° 7.10.13.16° NES
3.6.9.....(3n) =

Sol.: Here (by omitting first term) u, =

X
7.10.13.......C3n + 4)

3.69......3n)3n + 3) a+l
7.10.13....... Gn+4)3n+7) :

and - u, ., =

Now Ua 3.69......(3n) S 71013 CGn-+4)Gn+7) 1 _ Bn+7) l
= Uy 7-10.13.....(3n+4) 369 ..(3n).3n+3) x"™!' (GBn+3)x

>y
(lo ~ J
= Lim—2— = Lim-~———’
a-wn Wy, Ly meer tl 3 I '
n

s

7 |-

l —
X

Hence by D Alembert’s rafio test:
Z“n (1) converges if -:— > land (n) diverges if L <.
X -
te. > u, (i) convergesif x < land (i) diverges if x > 1.

But this test fails if x = 1. Now if Lim % does not involve ¢. then we can apply Raabe’s

— )
o LU

rest or Gauss’s test. Now let us 1ry the Raabe’s test.
When x =1, then

u

=
n =[lo-3—]:ul] =[l+—7—:[l-i¢-l; ...... ]=h-—‘—-_‘—, .......
Wt 3n n 3n n 3n 3n"

= Limn - 2h-—1 =un.[-4-—i— ..... }=1‘.>|.
. LI nesw! 3 3n 3

=» By Raabe’s test, the given senes converges whenx = 1.

Hence the given senies > u,, (i) converges if X = land (1) diverges if x > 1.
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Q.No.3.: Discuss the behaviour of infinite senes -} + %x' + :;; " SR » (x>0).
1.2.3..n 1.23.. . 0(n+1) o1

Sol.: H = —=""___x® and = — X"

T IsT Gaa) Y MM ey Ba+1)2n+3)

. 2‘!» > }

Now Vo - 123.n x.x3.5.7...12n+ll2n+3) 1 _(2u+3)1 2n/l

gy 357.02n+1) 123 . nln+1) x*' (n+l)x X

o Lim—e - Lim————

6. lln,‘ n—ex

Hence by D' Alembert’s rano rest

s 4 >
Zun (1) converges if i > land (u) diverges if = < 1.
) X
ie. D u, (i) convergesif x < 2and (i) diverges if x > 2.

But thas test fails if x = 2. Now if Lim—"- does not involve ¢, then we can apply Raabe’s
s ll“,'

test or Gauss's test. Now let us try the Raabe’s test.

When x =2 then

-1
£L=[1+i W =[n+i |-l+l.......}=|+,l— -

L 2n o 2n n n° 2n 2n°
. u e 1B
= Lumn| —-~1|= Lm“ ————— wl=—=<l.
n—s* | Ug n—={ 2 2n ] [~

=>By Raabe’s test, the given series diverges when x =1,

Hence the given senes Zun (1) converges if x < 2and (1) divergesif x = 2.
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Fourier Series

Introduction

Most of the events in nature and many other systems, being periodic in nature. In
many engineering problems, especially in the study of periodic phenomena in
conduction of heat, electro-dynamics and acoustic, it is necessary to express a
function in a series of sines and cosines. Most of the single-valued functions

which occur in applied mathematics can be expressed in the form

. 4,Co8X + @, COS2X + a, COSBX + wcvvuvann +b, sinx + b, sin2x + b, sin3x +........

where a,, a1, a2, ay,.......... %, T S are real constants and the series is
known as Fourier series. The constants aq, a1, a2, @y by, b2, by are called
Fourier's Coefficients of the periodic function.

Euler's Formulae

The Fourier series for the function f(x) in the interval a<x<a + 2z is given by

fx)= 2o +Za cosnx-er sinnx (i)

a=l

Determination of the Fourier's Constants:
To find ag: assume that (i) can be integrated from x = ¢ to x = ¢+2x, term by term,
so that we have

c.i.f()t)dx=— .i.ldu» I(Za comx)dx-rcm[ib gim‘x\ix

=l C \a=

."'é" (x)gtll +°+o

-&(cm-o-m.

Coln

or [ f(x) dx

To find a.: multiplymg each side of (i) by cosnx and integrate with respect to x
between the limits x = C to x = C + 2x, so that we have

Cole a Cele Cele Celw
jf(x)cosnxdx-—zl Icosnxdx* J(Za cosru)cosnxdx* I(ib smnx)(osnxd.x
C nel .=l
Co2m o
=0+ | Y a, cos’nxdx +0

Cc Bl
=2n™

or

al-h

i f(x) cosnx dx
C
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To find ba multiply both side of (i) by sinnx and integrate with respect to x
between the limits x = ¢ to x = C+2x, so0 that we have

CTads O 3 aim o

j Fix) sim nx dx --.il-c!' sim mdxd*fj! [ia" mn:]iinn:t[xd-t!' [Eh"iinnx]iinmdx

[ [ =

e hLm=l & La=i

CTal o
=0+0+ [ b, sin’nxdx =b,n
T A=l
IE-:II.
h,-; Elf[x}sinnxd:
lt-rll
The values a, = — [ fix) dx
c
-:'l'.'d-?:
a, = — !f{x]mam
14:.'-:!-
= = [ fx)sin
b == .!{Hls nx dx
are called Euler's formulae

Euler's Formulae for Different Intervals
Case (i) If C = [, then the interval for the above series (i) become 0<x<2x and the
Euler's formulae reduce to

=17
a, = — !f{:l:}dx
1 Iu
a = = Jt’[x]-::mmdx

-lh ¥
b, == !ﬂx}mmdx

Example 1. Find a Fourier series to represent x-x? from x = -x to x = n and hence
deduce

2

x Ry | 1

— B — i — —— - —

15 3R gh T gx T

Solution.betx-x’-%ﬁ+ia,cosnx+2b,,sinnx 1)
n=l

s H 3 2
Thena.-.]_ j(x-x)’dx-.l_ 5—-5— ---2£
3 Bl2 3

a, -% ](x-x’)oosnxdx
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-2 () o 422

n

IL A

- -ln

- * cos nx = (-1)"
n
o a‘-‘/l:‘az-%:l‘s-%”‘.-%2 etc
Finally
S
b [(x = x*) sin nx dx

- 2 [ocmy (222 - 12 (2] o ()]

n!

- -2 (=1)"/n

S =2/1,ba=-2/2,b3=2/3, by =-2/4 etc
Substituting the values of a,, an, b in (i) we get

- L x +4[cf.)sx cos 2x | cos 3x _ cos 4x +]

1 = 22 32 - 42
’z[sinx_sian’sinSx_sink_* """"" ]
1 2 3 4

Example Obtain the Fourier Series expansion for the function
f(x) = x2, -n<x<n

Hence, deduce that
e EORN DO x*
a —_ e — o — -
® 127 Y 6
T 21,32 1 x:
B O s - —
®) r 2x 3 @ 12
1 1 1 x°
C s e e ¥ rensss = —
© 1 3* s 8
Solution: We have f(x) = x? s
f(x) is an even function, therefore, f(x) contains only cosine terms. Hence b, = 0
Letf(x)-x’-%+2ancosnx (1)

s b .17
Then we have a_ ;Jf(x)dx = !x dx

1 X3 i 1 3
5] e
. 2% 2xt

3x 3
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and a_, = 2= ]f(x)cosnxdx
R-.
-2 T2
x.‘[x cos nx dx
=2 [ 2 (sin nx\ ,_ (-cos nx -sin nx |
2 [ P o) e [-o]]
83[0*%’5«»!\«'60]
n n
2 2% (g o 4 gy
2= ;—,—(—1) n,(l)

Substituting in (1), we get
2 - »
2 . = —1)
ie. x ?*4[25:—2—cosnx

3 T e e AT
- [CGX_COGk*cos3x
3 12 22 B Tl
2
or x2 = _4l€o8sx <cos2x cos 3x
12 22 32

A e A B e s ]
1 1 1 —3—
i e B b e B ]
2 1 1 1
*’-%“[1—:*2—:*3—2’ """"" ]
1 1 1 2x?
wafFeFege—]-3
1 1 1 3
G e e e _36_
putting x = 0, in (2), we get
2
3 cos 0 cos0  cosO
0-?-4[ 13 - 23 + 32 - ]
1 1 1 1
orO-.—-‘[‘z 22 -3—2--4—2* ....... ]
2 3 =

4 i e i s i 20 - —
or [12 2t 3t g ] 3

1 1 1 1 n?

e e - 4
°"lz 22 3@ 42 12 @)
. » ST, LS, =

Adding (3) and (4) we get -3 + = i = 5

Page 13 Faculty: YASHANK MITTAL




. 3 A

& VISION INSTITUTE OF TECHNOLOGY, ALIGARH
A& Subject: ENGINEERING MATHEMATICS-II

Unit III

FUNCTIONS HAVING POINT OF DISCONTINUITY
In deriving Euler’s formulae for the constants a,, a, and b, we have assumed that
f(x) is continuous in the given interval. In some cases f(x) may have a finite
number of discontinuities. We can also express such functions as Foruier series.
For example, consider a function f(x) defined as follows:

f(x)=h(x)  c<x<xe

= f2 (x), Xo<X<C+2nm
Where x, is a point of discontinuities for f(x) is the interval (c, c+2x) and lim..o-
f(x) i.e. f(xo - 0) and lim..o+ f(x) ie. f(xo + 0O) exist unequal and are finite. We
determine the values of a,, an and bs can be computed as

", Ce2x
2= | [h ax+ jf,(aodx]
L < x

=

Cedn

I f (x)oosnxdx]

105
a,-;. If, (x) cos nx dx + J

celdx
1
and b, = = [:If, (x) sin nx dx + ,! £ (x)sinnxdx]

At the point of discontinuity i.e. at x = x, the Fourier series converges to

5 [f(x, + 0) + f(x, ~ o)) = - (¥B + FC)
If f(x) satisfies Dirichlet's conditions and f(x) is expressed as
f(x) = g‘zl + ia,, COS NX + Zb, sin nx
1 1

in the interval {C, C+2x], then f(x) converges to f(x.) if x, is a point of continuity
of f(x) in the given interval

Thus from above we conclude that

(1) It may be seen from the graph, that at a point of finite discontinuity x = x,
there is a finite jump equal to BC in the value of the function f(x) at x = x,

(ii) A given function f(x) may be defined by different formulae in different
regions. Such types of functions are quite common in Fourier series

(iii) At a point of discontinuity the sum of the series is equal to mean of the
limits on the right and left

Example  Find Fourier series for the function defined by
-1 for -r<x<o
f(x)= <0 forx=o0
1 for 0<x<=z
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Solution: By Fourier series, we have

f(x) = 2‘21 + ia" COS nx + iba sin nx

n«1 nel

Then a, = % If(x) dx

- []’(—l)dx»f T dx]
= =[x+ 002 ]

a, = = [-x+x]=0

1 o
=~ |cosnxdx+ — |cosnxdx
| 1

< -5 [sin nx]’ + — [sin nx]]

{% foos mxE, - 1 fcos nx: |

el

[1-cos nx-cosnx+1] = 3 [2-2 cos nx] = 2 [1-(-1)"]
nx nx

=b, = =2 [1--1)"L n=1,2, 30
nx

Ifnisevenb,=0 ifnisodd b, = -:—x Hence from (1) we have

f(x) = Y b, sinnx = b;sin x + b sin 2x + by sin 3x + by sin 4x * ..........

nel
f(x)-%sinx+-%sin3x*%sin5x+ ....... 2
The expansion (2) is required Fourier expansion putting x = 12‘- is (2) we get

4 x 1 3x 1 5x 3 1 1 1

1= — i —_—t = SN — 4+ — sin — +...... - - (=1)+ — - (=1) +.....
n[st g N R ] n[1+3() s Wz D ]
4 s L (U | 1 ¥ 4

e 1-**--—" ....... -3- - e - wr o=
n[ 37577 ] & A EgT
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Unit III

HALF RANGE SERIES

Many a time it is required to obtain a Fourier expansion of a function f(x) for the
range (0, C) which is half the period of the Fourier series. As it is immaterial
whatever the function may be outside the range 0<x<c¢, we extend the function to
cover the range -c<x<c so that the new function may be odd or even. The
extension of the functions period being made in such a way that their graphs
became either symmetrical to the axis of y or symmetrical to origin, and then the
expansion contains either only the cosine terms along with a; or only the sine
terms. Thus, we may get the different forms of series for the same functions,

Sine Series: If we have to expand a function f(x) as a sine series in 0 to C, then we
expand the function first from -C to C and then the make the reflection at the
origin, so that f(x) = -f(-x) then the expanded function became odd and will give
the required Fourier sine series

f(x) = ibh sin %

ne=l
25 nex
Where b,‘ >— E !‘(X) sin ? dx

Cosine Series: If it is required to express f(x) as a cosine series in 0<x<C, then
first we expand the function from ~C to C so that its reflection became about the
axis of y i.e., the graph became symmetrical about the axis of y then the expanded
Fourier Cosine series contains

a, - nxx

f(x)--é—-* I.MT

Example .Expand for f{x) = k for
0<x<2 in a half range
(i) Sine series (ii) cosine series
Solution. f(x) = kand C=2

[
@ b, =2 [Ax)sin ®= in half range (0. C)
c c &
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Unit I1I
n»=l o
o 2k . omx 2k . NxX
k= “Z.l; [1~cos nx] sin 5 = g[l-(-‘l)'lsm e
::k--z-E[Zsinﬁ¢Zsin§-g+Zsin2E¢....]
= 2 2 2
2 § 2’[
(i) a,== [f(x)dx== |kdx=k(x)? =2k
CO 20
a-ij'f(x) X w2 ficcos ™ dx
" [l S S BT
2[ m]: 2k
mk — |sin — | = — sinnx
nx 2 nx
= ay=0
Therefore, from

f(x)-%- + Xa, cos -n-;x-wchnve

: i
f(x)-k-§(2k)+az.l0cos—?i-

=f(x)=k
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